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FIGURE 5.48

The quantities and M exist for any
h > 0; however, they also depend on h-

Figure 5.48 illustrates the case
0=m= M. The argument that
holds for the general case.

follows

Appealing t0 the second part of
d [Tsint
sx)=>-1 "¢ =
(X} dx Jo t

As anticipated, the derivative of S changes sign

is positive and $ increases oD the intervals (0, @), (27, L7 NP

while S" is negative and $ decreases o the rem
maxima at X = ar, 3, T,

One more observation is helpful. It can be s
ing x, its graph gradually flattens out and approac
exact value of this horizontal asymptote is challe
these observations the graph of (he sine integral

Proof of the Fundamental Theorem Let f be contin
function for f with left endpoint @. The first step is
part 1 of the Fundamental T heorem. The proof of Pa

Step 1. We us¢ the definition of the derivative,

NORpL:!

First assume that h = 0. Using igure

sin x

X

at integer multiples of 7 specifically, S
(2nr, (20 F Dar)yeees
aining intervals. It is clear that S has local

function emerge

5.48 and Property 5 of Table

the Fundamental Theorem, We find that

forx > 0.

and it has Jocal minima atx = 27, AT, 6T,
hown that, while S oscillates for increas-

hes a horizontal asy

uous on [a; b) and le

to prove that A=
1t 2 then follows.

Alx + h) — A(x)
___——""h !

x+h i x+h
Alx + 1)~ Ay = j! ft)ydt — f f(r)dt = L £t

That is, A(x T ) = A(x) is the net area of the region bounded b

val [x,x + h).

Gavn) - (#) -

Let m and M be the minimum and maxi
which exist by the continuity of f.
Alx + h) ~ A(x) is greater than or eq

that is,

thA(x+h)—

U h
f(dt
x )

mptote. (Finding the
nging; se¢ Exercise 97.) Assembling all
s (Figure 5.470). 0 x ik . = L
% x+h %
0]
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(mh =40+ ) = Aw) = Mt
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Related Exercises 69-72 <
FIGURE 5.49 x o |
¢t A be the area
£(x), which s ividi
Dividing these inequalitics by h, we have
msA(x+h)~A(x)<M
T h .
he ¢ i imi
v?rzen];wia?( ;sﬂt:arll'dlgd similarly and leads to the same conclusion
e limit as i iti ]
. it B ;ea;fhf?; ()) T):ross these inequalities. As h — 0, mand M squeeze
| : , because f is continu i
h— 0, the quotient that is sandwiched between m and M ;I;;JSr(?;cﬁ;a? ‘:'t? e) i
. Tk
| Jim m = i Axt b = AB) _ iy
y the curve on the inter- = : = 5
i f(x) A'(x)
X f(x)
B
. y the Squeeze Theorem (Theorem 2.5), we conclude that A'(x) = f (x)
in we use an important fact: Step 2. Havi i g .
i 3 1D 2 ing established that the area function A i iderivati
e petilid, s do o €, i b is an antider }vat1ve of f, we know that
| e S ons ative of f and C is a constant. Noting that

mum values of f on By
In the case that o=m=M (Figure
ual to the area of 2 rectangle with height

width h and it is less than or equal to the area of a rectangle with height M and widtt

A(x) = Mh.

F(b) — F(a) = (A(B)+ €)= (A(a) +C) = A(D).

Writing A(b) in terms of a definite integral, we have

b
AB) = [ F()dx = F(b) — F(a),

which is part 2 of the Fundamental Theorem.
<
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- 1%?: 5:3 EXERCISES

S estions

: Uppose A is an
are i i = ' .

Between f and A? a function of f. What is the relationship '{(1)1 331]‘“;5: _fthﬂCU(;ﬂ e o Sl e

; 23] 1 its area function on the interval [0, 3] increasi g

decreasing? Draw a picture and explain. [prliresags

se | is an antideri i { 2 2
er] al i
wvative o f nd A 1S an arca functi()n Off \'%
. 6. E aluate j;} ?)X dx and f 23)6 dx

is th i 3
¢ relationship between F and A?
T: ini
lrigp:'am in words and e.xpress mathematically the inverse
- iﬁonshlp between differentiation and integration as given
y the Fundamental Theorem of Calculus.

in in words ; i
k. Calcudlz(: write mathematically how the Fundamental
s is used to evaluate definite integrals.

) 2 c, Where 0
¢ 18 a positi 2
BT positive constant. Explain
: £ is an increasing function plain why anarea 8.

Wh i i
: y can the constant of integration be omitted from the anti-
erivative when evaluating a definite integral?
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| d d b 17. Area functions for the same linear function Let /(1) = ¢ f 1 57. Matching functions with are f . ;
£ 2 % e d b are . : 27. P i N a functions Match the functions
Z I o il dx J: T dx f” St VRS R and considfr the two area functions A(x) = f(; () dt and _2(x * = 6)dx 28. fo (x = Vix)dx f whose grfphs are given in (a)—(d) with the area functions
constants. F(x) = _/;_ f(t) dt. 5 A(JC) == fO f(.t) dt, whose graphs are given in (A)~(D).
J 2
: 10, Explain why fab F(x)dx = £(b) — f(a). a. Evaluate A(2) and A(4). Then use geometry to find an 29, f (2 - 9)dx 30. / (1 3 L) . ” 5
; b expression for A(x) forall x = 0. 0 12 22
} Basic Skills b. Evaluate F(4) and F(6). Then use geometry to find an L o ‘ e il
% i 11. Area functions The graph of f is shown in the figure. Let expression for F(x) forall x = 2. ;1::13”1 ];eg?;:z l:t:gralSCE;al?aa.‘e the following integrals using the
i A(x) = [5 () dt and F(x) = f: £(¢) dt be two area functions ¢. Show that A(x) — F(x) is a constant. h eorem of Calculus. | y=£
: '! D FraipieicliciingRis nitehofs 18. Area functions for the same linear function Let f(1) = 2t — 2 2 i Ing 0 K] o 1’) 5
¢k a A(=2) b F@8) ¢ AM4) d F(4) e. A8) and consider the two area functions A(x) = f]xf(t) dt and 31. 72(): — 4)dx 32. /0 e'dx
; . x
% y =1 F(x) = [, f()dr. 1 4
s a. Evaluate A(2) and A(3). Then use geometry to find an 3. f 3 - 8)d 3 B
- expression for A(x) forall x = 1. | : /2( ) 34. o X(x = 2)(x — 4)dx (a) )
58 area= 17 b. Evaluate F(5) and F(6). Then use geometry to find an j
Area =8 | expression for F(x) forall x = 4. ' /4 5 12 g YA y r
[ ¢. Show that A(x) — F(x) is a constant. ! 35. : sec” 0 d 36. L T_; 1
’ ' : 7 c - i &
B + = % : 19-22. Area functions for linear functions Consider the following 4 ; : y=f@
; : ‘ % 2
S I S Sfunctions f and real numbers a (seeﬁgjme). . 37, / =T 38. /ﬂr (cosx — 1) dx -
a. Find and graph the area function A(x) = f“ f() dr. -2 i ) 0 b 1
b. Verify that A'(x) = f(x). 5 e
12. Area functions The graph of f is shown in the figure. Let 24 9 W b
A(x) = f() “f(t) dt and F(x) = f; (1) dt be two area functions i ¥ = f(1) 39. [ Y di 40. —dx
for f. Evaluate the following area functions. $ W ;
f a. A(2) b. F(5) ¢ A0) d. F8) e A(8) 41-44. Areas Find (i) the net area and (ii) the area of the following € (d)
£ A5 g F(2) : regions. Graph the function and indicate the region in question. i ‘r "
? 2 41. The region bounded by y = x'/* and the x-axis between x = 1
y y=f@ Aol n andx = 4 y =A%)
: Area = 8 = . = 42. The region above the x-axis bounded by y = 4 — 2
0 1
2 z ¥ 43. The region below the x-axis bounded byy = x* - 16 5 >
$ , b
: 19. f(t)=t+5 a=-5 20 f()=2+5a=0 H 4. The region bounded by y = 6 cos x and the x-axis between
ol g =-7w/2andx = 7
& 2. f()=3t+1,a=2 22, f()=4r+2,a=0 §
o o . ! W 45-50. Areas of regions Find the area of the region R bounded by (A)
| PR 23-24. Definite integrals Evaluate th.e Jollowing integrals usmg‘t e the graph of f and the x-axis on the given interval. Graph f and the (B)
Fundamental Theorem of Calculus. Discuss whether your result is region R,
consistent with the figure. ; yi )
; ; ; I T/ : B f() =2 - 25 [2,4] 46 f(x) =2 -1, [-1,2] f }
13-16. Area functions for constant functions Consider the following 3 ) b H >
Junctions f and real numbers a (see figure). 23. A (x" = 2x + 3)dx 24. Lo (sinx + cos x) dx 47, f(x) = 1 [-2,-1] il
& K g ) = =A =
a. Find and graph the area function A(x) = f{ f f@0)dt for f. X y =A(x)
b. Verify that A'(x) = f(x). y y () = x(x + 1)(x — 2); [~1,2]
! i g TS B I() = sinx; [~n/a,3m/4] . .
5 0 | v —
y =10 i A . ) = cosx; [/, m) S .
g _z a7 1n 51 L.
! T 4 4\/,, ' =56. Derivatives of integrals Simplify the Jollowing expressions. (€ (D)
I > #2__ -3 . .
A3 = afen 0 L X - " 58-61. Working with area functions Consider the Jollowing graphs
s — (f2 + 1] d )
4 dx [, ) dt 52, — | o'ar of functions f.
25-30. Definite integrals Evaluate the following integrals using € 0 a. Estimate the zeros of the area function A(x) = f"f(f) AR
0 a x ¢ Fundamental Theorem of Calculus. Sketch the graph of the integrd"e 5, d x’dp i 0=x=10. 0
and shade the region whose net area you have found. dx [, qu 54, L / _zgz_ b. Estimate the points (if any) at which A has a local maximum or
13. f()=5a=0 14, f{t) =10, a = 4 " i dx Je 22+ 1 minimum.
| i e - e - 2 26. 1 — sinx)dv TR ¢. Sketch a rough graph of A for 0 = x = 10 without a scale on
. 15. f(1)=5,a=-5 16. f(r) =2, a= -3 25. [ (I = x)(x — 4)dx l (1 = sinx) 4 e . f‘) dp the y-axis.
3 X i —_
1 dx i p*+1
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. 59.
3 96

.

a. Graph the integrand,
b. Calculate g'(x).
¢. Graph g,

Max/min of area functions Suppose f is continuous on
[0, ©0) and A(x) is the net area bounded by the graph of f
and the f-axis on [0, x]. Show that the maxima and minima of

91. Zero net area Consider the function f(x)
a. Graph f on the interval x = 0,
b
. - = ?
showing all of your work and reasoning, b. For what value of b > 0s Jo S dx =0

= x? — 4y,

R

A oceur at the zeros of f, Verify this fact with the function
3 S(x) = x* — 10x.
A ral, for the function f(x) = 2 — ax, where .. ;
x " ¢ an Eegelfir wﬁat value of b j;( 0) (as a function of a) is 197, Asymptote of sine integral Use a calculator to approximate
4 69. = in? = y
g ; _ &(x) /0 Sin® ¢ dt 70. g(x) = £ >+ 1) dr Obf(x) g s
1 : % 92. Cubic zero net area Consider the graph of the cubic xli,“go S(x) = .\.fl,rﬂo S 5
i 71. g(x) = / in (72 ’ Frg y = x(x = a)(x — b) where 0 < g < b, Verify that the
; '! oA 0 et VAlea] {htegral) graph bounds a region above the x-axis for0 < x < gand where § is the sine integral function (see Example 7). Show your
¢ bounds a region below the x-axis for ¢ < yx < b. What is the work and describe your reasoning.
p. X . .
f o relationship between @ and b if the areas of these two regions i 3
T e = /o e (WVE) He are equal? 98. Sine integral Show that the sine integral S(x) = fot—f— dr satis-
: 93. Maximum net area What value of b > —1 maximizes the integral fies the (differential) equation x8'(x) + 28"(x) + x§ "(x) = 0.
Further Explorations _
73. Explain why or why not Determine whether the following state. b 99. Fresnel integral Show that the Fresnel integral
ments are true and give an explanation or counterexample f (3 = x)dx? S(x) =[5 sin (%) dt satisfies the (differential) equation
P ; ' =] "
a. Suppose that f is a positive decreasing function for x > (. i 5 (S’(x))2 5 N (x))z -
Then the area function Ax) = JoF(Odris an increasing p94. Maximum net area Graph the function flx) =8+ 2x — 2%
62. Area functj function of . f and determine the values of @ and b that maximize the value of 2
. L:te: "nc_twﬂf from graphs The graph of f is given in the figure, b. Suppose that 1 is a negative increasing function forx > the integral 100. Variable integration limits Evaluate — i i_\, (7 + 1) ds.
(x) = fo J(2) dr and evaluate A(1), A(2), A(4), and A(6). Then the area function A(x) = [ "f(;) dt is a decreasin " . fil
T function of . . 5 i b " (Hint: Separate the integral into two pieces.)
Y ;I;Ofcircle ¢ The functions P(x) = sin 3x and q(x) = 4sin3x are r /a (8 + 2x — %) dx.
of radius 2 antiderivatives of the same function,
i . Y=f T

d. IFA(x) =32 — + 2isa
B(x) = 3x% — xis

74-82. Definite integrals Evafyqs the

using the Fundamentg,

N area function for f, thep | %

An integral equation Use the Fundament
also an areq function for F.

al Theorem of Calculus, | QUICK CHECK ANSWERS |
Part 1, to find the function J/ that satisfies

the equation L 0,-35 2. A(6) = 44; A(10) = 120 3.2 — 1
following definite integrals

=l
276
2 4. If £ is differentiated, we get f'. Thus £ is an antiderivative
! Theorem of Calculys, f f(t)dr = 2cos x + 3x + 2. . 878
0
is given in the figure, 1 / e
0

4 2
fost X X =2 2 4
) A®).anda2). TG etdx s, /; Vi & 76 /I (I“F)“"

2
/3 )2 8
77. / secxtanx dy 78, / csc?0d 79, f\?/;dy
0 /4 1

63. Area functions fro
LetA(x) =

m graphs The graph of f
J(t) dt and evaluate A(2), A(5

2 =
dx 22+ 4 V3 ' .
-2 80. / —_— 81. / S8 dx : With the Fundamental Theorem of Calculus i
7 of circle of radj _ i
[4 S 183-86. Areas of regions Find the qreq
6468, Working with are

n hand, we may begin an investigation of
integration and its applications. In this section we discuss the role of symmetry in inte-
of th tori R b grals, use the slice-and-sum strategy to define the average value of a function, and then
T al the region R bounded y :
a functions Consider g : the graph of f and the X-axis on the given interyql, Graph f and explore a theoretical result called the Mean Va
Bt s gl nsider the function f and the show the region R.

5.4 Workin g with In__teg_ra_ls

lue Theorem for integrals.

F 8. f(x) =2~ |y Integrating Even and Odd Functions
- sus . rx i = X)) =2 — 8 i L :

e L ) = Jut@)a R o 2] Symmetry appears throughout mathematics in many different forms, and its use often leads

Fundamentqy Theorem, 84 = (1 — 212 4 e Hrous

b. Graph f ang 4. F FE) = (- 2y [=1/2,v3/2)] ] to insights and efficiencies. Here
| ¢ Evaluate A(b) gng Alc) and interpret he results using the 85. f(x) =t -4, [1,4] 86. f(x) = x%(x — 2); L3l
; &raphs of pare (), :

we use the symmetry of a function to simplify integral
calculations,

Section 1.1 introduced the Symmetry of even and odd functions. An even fl.mction
satisfies the property that f(=x) = f(x), which means that its graph is symmetric about

87-90, Derivatives and inte,

| 64, f(x)=sinx;a=0,b=7r/2,c=7r .

grals Simplify the &iven expressions.
65. f(x) = e.\'; g = O,b =

ssume that derivay; ves are continuous on the interval of integration.

In2,c=ing

the y-axis (Figure 5.50a), Examples of even functions are f(x) = cosx and f(x) = al
d where 7 is an even integer. An odd function satisfies the property that f(—x) = —f (x),
\ 66. f(x) =241 5= B 9 e 8 = (0 dt 88. Sl L which means that its graph is symmetric about the origin (Figure 5.50b). Examples of odd
| i ’ . Sl g functions are f(x) = sin x and f(x) = x", where n is an odd integer.
i 67. f(x) = P Lb=4c=9 ] [feosx e
( I
{ 68. f(.\?)=[/x;a:1!b:4,c=6 89. 3—— (14""6)0‘1

Special things happen when we inte

grate even and odd functions on intervals cen-
tered at the origin. First, suppose f is an

even function and consider f_‘; f(x)dx. From




